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Abstract—This paper investigates the extended weight enu-
merators for the number-theoretic insertion/deletion correcting
codes. As a special case, this paper provides the Hamming weight
enumerators and cardinalities of the non-binary VT codes.
I. INTRODUCTION
Several efficient decodable insertion/deletion correcting
codes are defined by congruences. Such codes are called
number-theoretic codes [1]. The code rate characterizes the
performance of the code and is derived from the number of
codewords or cardinality of the code. The cardinalities of the
linear codes are easily derived from the size and rank of the
generator or parity-check matrices. On the other hand, in the
case of number-theoretic codes, derivation of the cardinalities
is not an easy problem.
The binary Varshamov-Tenengoltz (VT) codes [2] are
number-theoretic single insertion/deletion correcting codes. Its
cardinality is given by Ginzburg [3], Stanley and Yoder [4]1.
To derive cardinalities of the binary VT codes, Stanley and
Yoder [4] firstly derived the Hamming weight enumerators of
the codes. In other words, the Hamming weight enumerators
are used for deriving the cardinalities.
Bibak and Milenkovic [6] defined the binary linear con-
gruence (BLC) code, which is a general class of number-
theoretic codes, and derived its Hamming weight enumerator.
The BLC code includes the binary codes defined by a single
linear congruence, e.g., binary VT code [2], Levenshtein code
[7], Helberg code [1], and odd weight code [8]. Sakurai [9]
generalized this result, namely, defined r-ary linear congruence
code and derived its Hamming weight enumerator. Moreover,
Sakurai [9] provided simple proof for its Hamming weight
enumerator. However, those classes of codes do not include
several useful number-theoretic codes, e.g., non-binary VT
code [5] and non-binary shifted VT (SVT) code [10].
In this paper, we investigate the simultaneous congruences
(SC) code, which is a general class of non-binary codes
defined by multiple non-linear congruences. The SC code
is a generalization of the r-ary linear congruence code and
includes non-binary VT code and non-binary SVT code. We
present a formula of the extended weight enumerator, which
is a generalization of Hamming weight enumerator, for the
1More precisely, they [3], [4] defined an “r-ary” VT code, which is a
natural generalization of the binary VT codes, and derived the cardinality of
this code. However, this r-ary VT code cannot correct an insertion or deletion
for r ≥ 3 and is not equivalent to the r-ary VT code presented by Tenengoltz
[5].
SC code. Moreover, by using this result, the paper derives the
Hamming weight enumerators and cardinalities of the non-
binary VT codes. From this, we clarify the parameters which
give maximum cardinality of the non-binary VT code.
Summarizing above, the paper contributions are (i) showing
a formula of the extend weight enumerator for the SC code by
generalizing the results in [6], [9], (ii) deriving the Hamming
weight enumerators and cardinalities of the non-binary VT
codes, and (iii) clarifying the parameters which give the
maximum cardinality of the non-binary VT code.
The rest of the paper is organized as follows. Section
II introduces the notations and definitions used throughout
the paper. Section III derives the formula of the extended
weight enumerators of the SC codes. Section IV presents the
Hamming weight enumerators and cardinalities of the non-
binary VT codes. Section V concludes the paper.
II. PRELIMINARIES
This section gives notations used throughout the paper. This
section also introduces several classes of number-theoretic
codes and the weight enumerators.
A. Notations and Definitions
Let Z, Z+, and C be the set of integers, positive integers,
and complex numbers, respectively. For a, b ∈ Z, define
[[a, b]] := {i ∈ Z | a ≤ i ≤ b} and [[a]] := [[0, a− 1]]. Let I{P}
be the indicator function, which equals 1 if the proposition P
is true and equals 0 otherwise. Denote the cardinality of a set
T , by |T |. Denote the vector of length n, by 〈x1, x2, . . . , xn〉.
For a, b ∈ Z, we write a | b if a divides b. For a, b ∈ Z
and n ∈ Z+, denote a ≡ b (mod n) if (a − b) | n. For
a, b ∈ Z, let (a, b) be the greatest common divisor of a, b. For
n ∈ Z+, let φ(n) and µ(n) be Euler’s totient function and
Möbius function, respectively.
Let i be the imaginary unit. Define e(x) := exp(2piix). The
value ηd ∈ C is called primitive d-th root of unity if ηid 6= 1
(i ∈ [[1, d]]) and ηdd = 1 hold. For d ∈ Z+ and a ∈ Z, denote
Ramanujan’s sum, by cd(a), i.e.,
cd(a) :=
∑
j∈[[1,d]],(j,d)=1
e
(
aj
d
)
= φ(d)
µ(d/(a, d))
φ(d/(a, d))
. (1)
Notice that cd(a) = cd(b) if a ≡ b (mod d).
For n ∈ Z+, the q-integer is defined by
[n]q := 1 + q + q
2 + · · ·+ qn−1.
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Similarly, for non-negative integers a, b, t0, t1, . . . , tr−1, we
define the q-factorial, the q-binomial coefficient, and the q-
multinomial coefficient as follows
[a]!q :=
∏a
i=1[i]q = [a]q[a− 1]q · · · [1]q,[
a+ b
a
]
q
:=
[a+ b]!q
[a]!q[b]!q
,[∑r−1
i=0 ti
t
]
q
:=
[ ∑r−1
i=0 ti
t0, t1, . . . , tr−1
]
q
=
[
∑r−1
i=0 ti]!q∑r−1
i=0 [ti]!q
,
where t = 〈t0, t1, . . . , tr−1〉. Hereafter, we drop the subscript
q if it is clear from the context.
B. Number-Theoretic Codes
Bibak and Milenkovic [6] defined the binary linear congru-
ence (BLC) codes as follows:
Definition 1 ( [6]): Let n ∈ Z+, m ∈ Z, h =
〈h1, h2, . . . , hn〉 ∈ Zn, and a ∈ [[m]]. Then, the BLC code
of length n with parameters m, a,h is defined by
BLCa(n,m,h) := {〈x1, x2, . . . , xn〉 ∈ {0, 1}n
|∑ni=1 hixi ≡ a (mod m)}.
In general, the number-theoretic insertion/deletion correct-
ing codes are defined by multiple non-linear congruences
over non-binary elements. We refer such codes as non-binary
multiple non-linear congruence codes or simply simultaneous
congruences (SC) codes.
Definition 2: Let n, r, s ∈ Z+, m := 〈m1,m2, . . . ,ms〉 ∈
(Z+)s and a := 〈a1, a2, . . . , as〉 ∈ [[m1]] × [[m2]] × · · · ×
[[ms]]. Let ρi : [[r]]n → Z for i ∈ [[1, s]]. Define ρ :=
〈ρ1, ρ2, . . . , ρs〉. Then, the r-ary SC code of length n with
parameters s,ρ,a,m is defined as
Cρ,a,m(n, r, s)
:= {x ∈ [[r]]n | ∀i ∈ [[1, s]] ρi(x) ≡ ai (mod mi)}.
Remark 1: For h = 〈h1, h2, . . . , hn〉 ∈ Zn, define linear
mapping `h as `h(x) :=
∑n
i=1 hixi. Then, we get
C`h,a,m(n, 2, 1) = BLCa(n,m,h).
In words, the SC codes are generalization of the BLC codes.
The non-binary VT codes [5] are single insertion/deletion
correcting codes and defined as follows:
Definition 3 ( [5]): Let n, r ∈ Z+, a1 ∈ [[n]] and a2 ∈ [[r]].
Define
γ(x) :=
∑n−1
i=1 iI{xi > xi+1}, σ(x) :=
∑n
i=1 xi.
Then, the q-ary VT code of length n with parameter a1, a2 is
VTa1,a2(n, r) := C〈γ,σ〉,〈a1,a2〉,〈n,r〉(n, r, 2)
= {x ∈ [[r]]n | γ(x) ≡ a1 (mod n),
σ(x) ≡ a2 (mod r)}.
Note that γ(x) is a non-linear mapping.
Example 1: Table I displays the codewords of VTa1,a2(3, 3)
for a1, a2 ∈ [[3]]. Note that the cardinalities of the non-binary
VT codes depend on the parameters a1, a2.
TABLE I
CODEWORDS OF VTa1,a2 (3, 3)
a2 = 0 a2 = 1 a2 = 2
a1 = 0
{000, 012, 111,
210, 222} {001, 022, 112} {002, 011, 122}
a1 = 1 {102, 201} {100, 202, 211} {101, 200, 212}
a1 = 2 {021, 120} {010, 121, 220} {020, 110, 221}
TABLE II
CODES INCLUDED IN THE SC CODE
Code r s ρ m
Binary VT [2] 2 1 ω n+ 1
Levenshtein [7] 2 1 ω m
Helberg [1] 2 1 `g gn+1
Odd coefficient [8] 2 1 `〈1,3,··· ,2n−1〉 2m
Exponential coefficient [8] 2 1 `〈1,2,··· ,2n−1〉 2m + 1
Shifted VT (SVT) [11] 2 2 〈ω, σ〉 〈m, 2〉
Han Vinck-Morita [12] 2 2 〈ω, σ〉 〈n+ 1, 3〉
Non-binary VT [5] r 2 〈γ, σ〉 〈n, r〉
Non-binary SVT [10] r 3 〈γ, δ, σ〉 〈n,m, r〉
Example 2: Define
ω(x) := `〈1,2,...,n〉(x) =
∑n
i=1 ixi,
δ(x) :=
∑n−1
i=1 I{xi > xi+1}.
Fix t ∈ Z+. An integer sequence {gi}i is defined recursively
as
gi = 1 +
∑t
j=1 gi−jI{i− j ≥ 1}, for j ∈ Z+.
Table II shows some special cases of the SC code. The codes
defined over the ring of integer modulo m are also special
cases of the SC code. Note that the BLC code is also special
cases of the SC code with s = 1 and r = 2.
C. Hamming and Extended Weight Enumerator
Let wtH(x) be the Hamming weight for x ∈ [[r]]n, i.e.,
wtH(x) := |{i | xi 6= 0}|. We define the Hamming weight
enumerator for a code T ⊆ [[r]]n by
H(T ;w) =
∑
x∈T
wwtH(x).
This paper investigates the extended weight enumerator, which
is a generalization of Hamming weight enumerator.
Definition 4: Let n, r, s ∈ Z+. Let ρi : [[r]]n → Z for
i ∈ [[1, s]]. We denote the number of components of x ∈ [[r]]n
that equal j, by τj(x), i.e., τj(x) := |{i | xi = j}|. We
define the extended weight enumerator parameterized by ρ :=
〈ρ1, ρ2, . . . , ρs〉 for a code T ⊆ [[r]]n as
Wρ(T ; z,w) =
∑
x∈T
s∏
i=1
z
ρi(x)
i
∏
j∈[[r]]
w
τj(x)
j .
where z = 〈z1, z2, . . . , zs〉 and w = 〈w0, w1, . . . , wr−1〉.
Remark 2: Define 1 := 〈1, 1, . . . , 1〉 and w∗ :=
〈1, w, w, . . . , w〉. Then, the complete weight enumerator for
a code T is
Wρ(T ;1,w) =
∑
x∈T
∏
j∈[[r]] w
τj(x)
j .
Moreover, the Hamming weight enumerator for T is derived
from the extended weight enumerator as follows:
H(T ;w) =Wρ(T ;1,w∗). (2)
Furthermore, the cardinality of T satisfies
|T | = H(T ; 1) =Wρ(T ;1,1).
Fact 1: Let T1, T2 ⊆ [[r]]n. If T1 ∩ T1 = ∅ holds, then
Wρ(T1 ∪ T2; z,w) =Wρ(T1; z,w) +Wρ(T2; z,w). (3)
III. EXTENDED WEIGHT ENUMERATORS FOR SC CODES
A. Main Result and Corollary
The following main theorem presents an important property
to derive the extended weight enumerators for the SC codes.
Theorem 1: Define the parameters (resp. extended weight
enumerator) as in Definition 2 (resp. 4). Define ze
(
k
m
)
:=
〈z1e( k1m1 ), z2e( k2m2 ), . . . , zse( ksms )〉. Then, the following equa-
tion holds:
Wρ(Cρ,a,m(n, r, s); z,w)
=
∑
k1∈[[m1]]
∑
k2∈[[m2]]
· · ·
∑
ks∈[[ms]]
Wρ
(
[[r]]n; ze
(
k
m
)
,w
)
×
s∏
i=1
1
mi
e
(
−aiki
mi
)
.
Remark 3: Theorem 1 shows that we are able to obtain the
extended weight enumerator of the SC code Cρ,a,m(n, r, s) if
we can derive Wρ([[r]]n; z,w).
The following corollary gives the Hamming weight enumer-
ators of the BLC codes. This result coincides [6, Thm. IV.2].
Corollary 1 ( [6, Thm. IV.2] ): Define the parameters as in
Definition 1. Then, the Hamming weight enumerator of the
BLC code is
H(BLCa(n,m,h);w)
=
1
m
∑
k∈[[m]]
e
(
−ak
m
) n∏
j=1
(
1 + we
(
hjk
m
))
.
B. Proof of Main Result and Corollary
The following well-known identity is used in the proof of
Theorem 1.
Lemma 1: For any A ∈ Z,m ∈ Z+, the following identity
holds:
I{A ≡ 0 (mod m)} = I{m | A} = 1m
∑
j∈[[m]] e
(
Aj
m
)
.
1) Proof of Theorem 1: Note that e(x+y) = e(x)e(y) and
e(xy) = {e(x)}y . Definition 2 and Lemma 1 lead
I{x ∈ Cρ,a,m}
=
s∏
i=1
I{ρi(x)− ai ≡ 0 (mod mi)}
=
s∏
i=1
∑
ki∈[[mi]]
1
mi
e
(
(ρi(x)− ai)ki
mi
)
=
s∏
i=1
∑
ki∈[[mi]]
1
mi
e
(−aiki
mi
)(
e
(
ki
mi
))ρi(x)
. (4)
By combining this equation and Definition 4, we obtain the
theorem as follows:
Wρ(Cρ,a,m(n, r, s); z,w)
=
∑
x∈[[r]]n
s∏
i=1
z
ρi(x)
i
∏
j∈[[r]]
w
τj(x)
j I{x ∈ Cρ,a,m(n, r, s)}
=
∑
x∈[[r]]n
∏
j∈[[r]]
w
τj(x)
j
×
s∏
i=1
∑
ki∈[[mi]]
1
mi
e
(−aiki
mi
)(
e
(
ki
mi
)
zi
)ρi(x)
=
∑
k1∈[[m1]]
∑
k2∈[[m2]]
· · ·
∑
ks∈[[ms]]
(
s∏
i=1
1
mi
e
(−aiki
mi
))
×
∑
x∈[[r]]n
∏
j∈[[r]]
w
τj(x)
j
{
s∏
i=1
(
e
(
ki
mi
)
zi
)ρi(x)}
=
∑
k1∈[[m1]]
∑
k2∈[[m2]]
· · ·
∑
ks∈[[ms]]
s∏
i=1
1
mi
e
(−aiki
mi
)
×Wρ([[r]]n; ze(k/m),w).
2) Proof of Corollary 1: The following identity holds
W`h([[2]]n; z, 〈w0, w1〉) =
∏n
j=1(w0 + w1z
hj ).
This equation and Theorem 1 lead
W`h(BLCa(n, r,m); z, 〈w0, w1〉)
=
∑
k∈[[m]]
1
m
e
(
−ak
m
) n∏
j=1
(
w0 + w1z
hje
(
hjk
m
))
.
By combining this equation and Remark 2, we get the corol-
lary as follows:
H(BLCa(n,m,h);w)
=W`h(BLCa(n, r,m); 1, 〈1, w〉)
=
∑
k∈[[m]]
1
m
e
(
−ak
m
) n∏
j=1
(
1 + we
(
hjk
m
))
.
IV. CARDINALITIES AND HAMMING WEIGHT
ENUMERATORS FOR NON-BINARY VT CODES
This section derives Hamming weight enumerators and
cardinalities for non-binary VT codes by using Theorem 1.
Moreover, we show the parameters which give maximum
cardinality of the r-ary non-binary VT code of length n.
Section IV-A gives the results above and Section IV-B proves
them. Section IV-C shows a numerical example.
A. Main Result
The following theorem presents the Hamming weight enu-
merators and cardinalities of the non-binary VT codes.
Theorem 2: Define the non-binary VT code as in Definition
3. For any a1 ∈ [[n]], a2 ∈ [[r]], the following gives the
Hamming weight enumerator and cardinality of the r-ary non-
binary VT code of length n with parameters a1, a2:
H(VTa1,a2(n, r);w) =
1
nr
∑
d∈Z+,d|n
∑
e∈Z+,e|r
cd(a1)ce(a2)
× {1− wd + rwdI[e | d]}nd ,
|VTa1,a2(n, r)| =
1
nr
∑
d∈Z+,d|n
cd(a1)r
n
d (r, d)I{(r, d) | a2}.
The following corollary shows that the non-binary VT code
with parameters a1 = a2 = 0 has the largest cardinality for
any n and r.
Corollary 2: Let n, r ∈ Z+, a1 ∈ [[n]] and a2 ∈ [[r]]. For
any n, r, a1, a2, the following holds
|VT0,0(n, r)| ≥ |VTa1,a2(n, r)|
B. Proofs
The following lemmas are used to lead Theorem 2.
Lemma 2 ( [13, Ch. VI] ): Suppose t := (t0, t1, . . . , tr−1) ∈
[[n]]r satisfies
∑r−1
i=0 ti = n. Define S(t) := {x ∈ [[r]]n | ∀i ∈
[[r]] τi(x) = ti}. Then, the following identity holds:∑
x∈S(t)
qγ(x) =
[
n
t
]
q
Lemma 3 ( [14, Lem. 2.3] ): Let ηd ∈ C be a primitive
d-th root of unity. Let a, b be non-negative integers. Assume
d | (a+ b). Then, we get
lim
q→ηd
[
a+ b
a
]
q
=
(a+b
d
a
d
)
I{d | a}I{d | b}.
This lemma is easily generalized as the following.
Lemma 4: Let t0, t1, . . . , tr−1 be non-negative integers. Let
ηd ∈ C be a primitive d-th root of unity. Assume d |
∑r−1
i=0 ti.
Then, we get
lim
q→ηd
[∑
j∈[[r]] ti
t
]
q
=
(∑
j∈[[r]] ti/d
t/d
) ∏
i∈[[r]]
I{d | ti},
where t = 〈t0, t1, . . . , tr−1〉.
1) Proof of Theorem 2: We divide the proof into several
lemmas.
Lemma 5: Let n, r ∈ Z+. Define Tn :=
{〈t0, t1, . . . , tr−1〉 ∈ [[n]]r |
∑
i∈[[r]] ti = n}. The following
holds:
Wγ,σ([[r]]n; 〈q, z〉,w) =
∑
t∈Tn
[
n
t
] ∏
j∈[[r]]
w
tj
j z
jtj .
Proof: Lemma 2 gives
Wγ,σ(S(t); 〈q, z〉,w) =
[
n
t
] ∏
j∈[[r]]
w
tj
j z
jtj .
For t, t′ ∈ Tn (t 6= t′), S(t) ∩ S(t′) = ∅ holds. Moreover,⋃
t∈Tn S(t) = [[r]]
n. Equation (3) yields
Wγ,σ([[r]]n; 〈q, z〉,w) =
∑
t∈Tn
Wγ,σ(S(t); 〈q, z〉,w)
=
∑
t∈Tn
[
n
t
] ∏
j∈[[r]]
w
tj
j z
jtj .
This concludes the proof.
Lemma 6: For any k1 ∈ [[n]], k2 ∈ [[r]], we get
Wγ,σ
(
[[r]]n;
〈
e
(
k1
n
)
, e
(
k2
r
)〉
,w
)
=
(∑
i∈[[r]] w
n/(n,k1)
i e
(
k2i
r
n
(n,k1)
))(n,k1)
. (5)
In particular, for w = w∗ = 〈1, w, w, . . . , w〉, we have
Wγ,σ
(
[[r]]n;
〈
e
(
k1
n
)
, e
(
k2
r
)〉
,w∗
)
=
(
1− w n(n,k1) + rw n(n,k1) I{r | nk2(n,k1)}
)(n,k1)
. (6)
Proof: For a fixed k1, define d := n(n,k1) . Then, e(k1/n)
is a primitive d-th root of unity. Combining Lemmas 4 and 5
gives
Wγ,σ([[r]]n; 〈e(k1n ), z〉,w)
=
∑
t∈Tn
(
n/d
t/d
) ∏
j∈[[r]]
w
tj
j z
jtj I{d | tj}
=
∑
t′∈Tn/d
(
n/d
t′
) ∏
j∈[[r]]
(wjz
j)dt
′
j
=
(∑
i∈[[r]] w
d
i z
id
)n/d
,
where we replace ti = dt′i in the second equality. Substituting
z = e(k2/r) in this equation leads (5).
Lemma 1 shows∑m−1
j=1 e
(
Aj
m
)
= mI{m | A} − 1,
Combining this identity and (5) gives (6).
Proof of Theorem 2: The Hamming weight enumerator is
derived as follows:
H(VTa1,a2(n, r);w)
=Wγ,σ(VTa1,a2(n, r); (1, 1),w∗)
=
1
nr
∑
k1∈[[n]]
∑
k2∈[[r]]
e
(−a1k1n )e(−a2k2r )
×Wγ,σ
(
[[r]]n;
(
e
(
k1
n
)
, e
(
k2
r
))
,w∗
)
=
1
nr
∑
d∈Z+,
d|n
∑
k1∈[[n]],
(k1,n)=d
∑
e∈Z+,
e|r
∑
k2∈[[r]],
(k2,r)=e
e
(−a1k1n )e(−a2k2r )
×
(
1− wn/d + rwn/dI{r | nd k2}
)d
=
1
nr
∑
d∈Z+,
d|n
∑
k′1∈[[n/d]],
(k′1,n/d)=1
∑
e∈Z+,
e|r
∑
k′2∈[[r/e]],
(k′2,r/e)=1
e
(−a1k′1n/d )
× e(−a2k′2r/e ) (1− wn/d + rwn/dI{ re | nd })d
=
1
nr
∑
d′∈Z+,d′|n
cd′(a1)
×
∑
e′∈Z+,e′|r
(
1− wd′ + rwd′I{e′ | d′}
) n
d′
ce′(a2)
Here, the first, second, and third equality follow from (2),
Theorem 1, and (6), respectively; The fourth equality is
derived by replacing k1d = k′1, k2e = k
′
2 and using [(a, k
′
2) =
1] ∧ [a | bk′2] ⇒ [a | b]; The fifth equality is derived by
replacing d′ = n/d, e′ = r/e and using (1).
Note that the following identity holds for a ∈ Z+, b ∈ Z∑
d∈Z+,d|a
cd(b) =
∑
j∈[[a]]
e( jba ) = aI{a | b}.
By substituting w = 1 in the Hamming weight enumerator,
we get the cardinality.
2) Proof of Corollary 2: For any a, b ∈ Z+, we get 1 =
I{a | 0} ≥ I{a | b}. For any d ∈ Z+, a ∈ Z, cd(0) ≥ cd(a)
holds. Hence, we get Corollary 2.
C. Numerical Example
Consider the case of n = 3, r = 3. For any a1, a2 ∈ [[3]],
Theorem 2 shows
|VTa1,a2(3, 3)| = 19
∑
d|3 3
3/dcd(a1)(3, d)I{(3, d) | a2}
= 3c1(a1) + I{3 | a2}c3(a1)
Note that c1(0) = 1, c3(0) = 2, c3(1) = c3(2) = −1. We get
|VTa1,a2(3, 3)| =

5, if a1 = 0 and a2 = 0,
2, if a1 = 1, 2 and a2 = 0,
3, if a2 = 1, 2.
This result is confirmed by Table I.
V. CONCLUSION
This paper has derived a formula of extended weight enu-
merator of the SC codes. As a special case, this paper has also
provides the Hamming weight enumerators and cardinalities of
the non-binary VT codes.
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